In this work we give a global-in-time existence and uniqueness proof for solutions of the isothermal equations of fiber spinning. Fiber spinning is a widely used manufacturing process for the production of long thin filaments. In this process a highly viscous fluid is withdrawn from a reservoir and stretched to form a long fiber. The equations modeling fiber spinning are essentially based on cross-sectional averaging of the axisymmetric Stokes equations with free boundary. They form a coupled system consisting of a nonlinear mass transport equation and a nonlinear momentum conservation equation for dominant viscous forces in one space dimension.
Introduction
Fiber spinning (or fiber drawing) is an industrial application to produce long thin filaments. A highly viscous liquid such as a glass melt is withdrawn through a circular die and extended axially to form a long fiber which is wound up on a chilling spool and moved on to post-processing. The fiber spinning process is known to exhibit flow instabilities limiting the production output and is therefore the object of intensive studies in engineering.
In the following we consider isothermal fiber spinning of a highly viscous liquid. The model for this flow assumes constant fluid viscosity and negligible inertia, gravity and surface tension. We denote time by t, the axial variable in the direction of stretching by z, the fiber cross-sectional area by a = a(t, z), and the axial velocity by v = v(t, z). The governing equations are given by the equation for mass conservation Throughout it is assumed that a 0 (t) > 0, a α (t) > 0 and that v 1 (t) > v 0 (t) > 0 for t ≥ 0. The latter inequality reflects the requirement that the wind-up velocity be larger than the positive inflow velocity. Additional conditions guaranteeing the local existence of solutions will be formulated below. Subscript Latin letters denote partial derivatives. The subscript α is reserved for initial data. Total derivatives will typically be denoted by a prime with the exception of a total time derivative which we denote by a superscript dot. Derivatives in boundary points will be tacitly understood as one-sided derivatives. The governing equations arise as the thin filament approximation of the axisymmetric Stokes equations with moving (free) boundary. For the purely viscous case discussed here these equations were essentially introduced by Kase and Matsuo [8] . Matovich and Pearson [9] gave a formal, yet systematic derivation of the governing equations from the (Navier-) Stokes equations by exploiting the smallness of the aspect ratio of radial versus axial length scale and thus reducing the underlying two-dimensional flow to one spatial dimension. For actual spinning applications this aspect ratio is 1 : 100 and can be as small as 1 : 1000.
In this work we analyze the global existence and uniqueness of solutions for the boundary-initial value problem given by Eqs. (1.1)-(1.6). To this end, we first review a known local-in-time existence and uniqueness result of solutions which will serve as a starting point for our global existence result. An important milestone in our approach consists in showing that the fiber radius for any (localin-time) solution stays positive and regularity of solutions is retained. Hence viscous filaments modeled by the equations of fiber spinning (1.1)-(1.6) do not fail in finite time. Finally we use this result to prove that local solutions extend to global solutions.
Review: A Local Existence Result
In this section we review a local existence result for the governing equations. The notions and results given were discussed in a series of works [1, 2, 3, 5, 6] which contained additional technical details and extensions to more complicated fluid models.
Let z 1 < z 2 , t > 0 and m, n ∈ N 0 . Throughout this section we will use the following norms:
• || · || p for the norm on the Lebesgue space
• || · || H n for the norm on the Sobolev space H n (z 1 , z 2 ),
• ||·|| m,n for the norm on the Sobolev-Bochner space
The idea underlying the following local existence/uniqueness proof for the governing equations is to obtain the solution as the fixed point of an appropriate operator. In particular, this solution operator takes as its input a candidate b for the cross-sectional area and produces as its output the solutionb of the following linear advection problem
where
This expression for w originates from solving Eq. (1.2) for v and replacing a and v by b and w, respectively. The main step in the construction of the solution operator is to understand the general linear advection problem
for given p, f , u 0 and u α . To this end we make use of the notion of boundary regularity, introduced in [1, 5] . 
The space BR(0, t ; 0, 1) is endowed with the energy norm
As is shown in [1, 5] 
14)
Then the boundary-initial value problem (2.5)-(2.7) has a solution u such that
Using the fixed-point strategy outlined above, we gave essentially the following local-in-time existence and uniqueness result for the equations of fiber spinning in [1] . A local existence proof for the equations of fiber spinning of a viscoelastic fluid with Newtonian stresses appeared in [3] . This latter work contains the problem discussed here as a special case. Local-in-time solvability of fiber spinning of a viscoelastic fluid without Newtonian stresses was recently addressed in [4] .
Theorem 2.3 Suppose that
are given such that the compatibility conditions
hold. Then there exists t 0 ∈ (0, t ] such that the boundary-initial value problem
Note that the solution (a, v) given by Theorem 2.3 is continuously differentiable. Hence a and v satisfy Eqs. (1.1)-(1.6) pointwise.
As an aside we remark that one can rewrite the governing equations in terms of the fiber radius r by setting r = √ a. The problem then assumes the form
A solution (r, v) of this problem could be obtained in an analogous way as before, thus showing
for some t 0 > 0. The regularity of r would imply
This result would be possibly more appealing since the L 1 -integral of a has the physical meaning of volume and less regularity would be required from a 0 and a α .
A Lagrangian Variable
Throughout this section we assume that a = a(t, z) is a continuously differentiable, positive solution of Eqs. (1.1)-(1.6) with velocity v on [0, T ) × [0, 1] for some T > 0. We also assume that the boundary data are given on [0, T ]. Our objective is to find a representation of the fiber cross-sectional area a in terms of a suitably constructed Lagrangian variable and to use this representation to extend a into t = T .
For reference we note first that the velocity v satisfies
The following holds true:
(2) There exists a constant A > 0 such that for 0 ≤ t < T and 0 ≤ z ≤ 1
The first statement of Proposition 3.1 follows immediately from Eq. (3.1), while the second is readily seen by integration along characteristics. Next we introduce the Lagrangian variable Z = Z(t, z) by defining
Lemma 3.2 The Lagrangian variable Z has the following properties:
Proof. Statements (1), (2) and (3) are straightforward consequences of the definition of Z and the properties of a. Statement (4) follows from (3). For statement (5), we define the extension Z * be setting
Clearly, statements (3) and (4) show that the limits are well-defined. Next we note that for 0 ≤ s, t < T and 0 ≤ x, y ≤ 1
Consequently,
for some constants β, γ > 0. As we pass first to the limit t T and then to the limit s T , we see that inequality (3.6) remains valid for Z * rather than Z on [0, T ] × [0, 1]. The remaining part of statement (5) is obvious.
For later use let us abbreviate
The salient point for using the Lagrangian variable Z is the following result.
Theorem 3.3 Let h be a continuously differentiable solution of the advection equation
for 0 ≤ t < T and 0 ≤ z ≤ 1. Then there exists a continuously differentiable function Φ on S such that
Proof. Since ∇h ∇Z, there exists a function κ = κ(t, z) such that ∇h = κ ∇Z. 
Suppose (t(s), z(s)) is a continuously differentiable curve in D c . Since
we have
thus h is constant on D c . Therefore, setting Φ(c) = h(t, z) for (t, z) ∈ D c and c ∈ S (3.15)
well-defines the map Φ such that Eq. (3.9) holds true. Next, given Z 0 , Z 1 ∈ S ∩ [0, ∞), we find 0 ≤ z 0 , z 1 ≤ 1 such that
Hence by the Mean Value Theorem, there is ξ between z 0 and z 1 such that
Since the map z → Z(0, z) has a continuous inverse, we can define the continuous functionκ byκ
with Ξ between Z 0 and Z 1 . This equation shows that Φ is continuously differentiable on S ∩ [0, ∞) with derivativeκ. In an analogous fashion we obtain the continuous differentiability of Φ on S ∩ (−∞, 0]. The one-sided derivatives of Φ at Z = 0 coincide by continuity of κ.
Theorem 3.4 The cross-sectional area a = a(t, z) has a representation in the form a(t, z) = Φ(Z(t, z)) + Ψ(t) (3.19)
for 0 ≤ t < T , 0 ≤ z ≤ 1 with Φ ∈ C 1 (S) and Ψ given by Proof. First we note that the function Ψ has a continuous extension Ψ * to [0, T ] since the integrand in Eq. (3.20) is bounded. Then we observe that the image of (t, z) → Z * (t, z) is contained in S for t = T , 0 < z ≤ 1. Hence (t, z) → Φ(Z(t, z)) extends to the continuous function Φ(
). The representation (3.19) of a implies then that a has a continuous extension with the exception of the missing point t = T , z = 0. For this point the extension is, however, given by the boundary data a 0 (T ). Hence statement (1) is established. Statement (2) follows from the definition of Z by Eq. (3.4) and the analogous representation of Z * .
A "No Breakup" Result
In this section we assume again that a = a(t, z) is a continuously differentiable, positive solution of Eqs. Let U be a neighborhood of Z 0 contained in S o . Then there exists a constant K > 0 such that
by continuous differentiability of Φ on S. Since for 0 < z ≤ 1
by Eq. (4.1), the map z → Z * (T, z) satisfies the ordinary differential equation
However, the Lipschitz continuity (4.2) of Φ together with the Picard-Lindelöf Theorem proves that Z * (T, z) = Z 0 for all z in (z 0 − , z 0 ] for some sufficiently small > 0. Hence a
Then for x ∈ (z 0 − , z 0 − 2 ) we define the function z(t; x) for t ≤ t < T by
Observe that for t ≤ t < T z(t; z 1 ) < z(t; z 2 ), if z 1 < z 2 (4.7)
by uniqueness of solutions. Moreover, t → z(t; x) with x ∈ (z 0 − , z 0 − 2 ), given implicitly by
has a continuous extension z * to all of [t , T ] since the integrand is bounded. Since v z (t, z) > 0 for 0 ≤ t < T , 0 ≤ z ≤ 1, the monotonicity of z with respect to initial data in (4.7) immediately implies
By continuity, x → z * (T ; x) maps the interval (z 0 − , z 0 − 2 ) to a subinterval in [0, 1] (with nonempty interior). Since 
and by uniqueness of continuous extensions
we conclude that
in contradiction to the strict monotonicity of z → Z(t , z), given in Lemma 3.2 .
Since the cross-sectional area is bounded below, we can extend the velocity using Eq. (3.1).
Corollary 4.2 The velocity
v = v(t, z) has a continuous extension v * to all of [0, T ] × [0, 1].
Global Existence
The results of the previous section allow us to draw some straightforward conclusions. We begin by extending the representation of the cross-sectional area a in terms of the Lagrangian variable to obtain stronger regularity. 
Consequently, a * and v * are continuously differentiable for 0 ≤ t ≤ T , 0 ≤ z ≤ 1 and satisfy
Proof. First we note that Ψ * is well defined and continuously differentiable on [0, T ]. Next we observe that for t < Ṫ
Hence a z (t, 0) can be expressed in terms of the other quantities. Thus we readily see that the limit lim t T a z (t, 0) exists. Since we also have for Φ given by Theorem 3.4 a z (t, 0) = Φ (Z(t, 0)) a 0 (t), 0 ≤ t < T, (5.5)
we can define a map Ω on S by setting
It is readily seen that Ω is well-defined and continuous on S. Now we define the extension of Φ * to S by
Then the representation (5.1) and the regularity of Φ * are obvious. Consequently, a * and v * are continuously differentiable and satisfy Eqs. Finally we can state our global existence and uniqueness theorem for the equations of fiber spinning. 
hold. Then the boundary-initial value problem (1.1)-(1.6) has a unique solution 
Observe that the conditions of Theorem 2.3 hold true (modulo a shift from t = 0 to t = t 0 ). Hence there is > 0 such that this problem has the solution (â,v) on 
Conclusion
The problem discussed in this work sheds light on an important asymptotic regime of the Stokes equations with free boundary. The pivotal point in our approach was the characterization of the fiber cross-sectional area by a Lagrangian variable. This characterization was used to prove a no-breakup result for viscous fibers and to extend the cross-sectional area to a continuously differentiable function on the closed time-space domain. These two results allowed us to extend a local-in-time solution of the governing equations to a global-intime solution. The Lagrangian variable technique is of interest in its own right. This technique is likely to be applicable to a broader class of problems and has therefore been studied thoroughly here.
In this work breakup or failure of a filament is understood in the mathematical sense that the fiber cross-sectional area of the continuum mechanical model stays bounded away from 0 over finite time intervals. Clearly, this condition is not appropriate to describe the failure or non-failure of real-world fibers and must therefore be distinguished from actual breakup of filaments. The no-breakup result given here might appear surprising at first glance. However, Hassager, Kolte and Renardy [7] made a similar observation when a viscous fluid filament is stretched on both ends. Related results on the thin filament approximation of highly viscous fluids suggest, however, that the situation changes completely when surface tension is accounted for as shown by Renardy in [10, 11] . Since surface tension driven instabilities can lead to breakup, filament failure should also be expected for the equations of fiber spinning when surface tension is included in the governing equations.
